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Abstract

LoRA adapters merge into one model at low cost, but a fifty-adapter library already yields more than
two million five-way subsets, too many for exhaustive held-out validation. We fix the base model, merge
rule, allowed merge weights, evaluation prompts, and the tokens on which the loss is scored, then fit a
quadratic model of each task’s loss in the merge weights. Each query names adapters to combine and
tasks to retain; a small convex optimization over the fitted models returns the verdict and a surrogate
certificate for it, with no further evaluation of the merged model; certifying the deployed loss itself
additionally requires uniform approximation envelopes, which we measure on finite designs rather than
establish over the whole chart. The per-library record of these verdicts is the Compatibility Atlas. By
Helly’s theorem, any rejection of the fitted models is forced by at most d+1 tasks; by Carathéodory’s
theorem, an accepted merge places its free weight on at most d+1 adapters, where d is the number of
free merge weights; and for d ≥ 2, checking every pair at a fixed threshold is not enough to decide every
triple. One fit on sixteen adapters, using the loss on answer tokens, predicts the measured loss of 120
off-design three-adapter merges at Pearson correlation 0.96 (bootstrap interval [0.75, 0.98]); under linear
merging, one fit on fifty screens 1,096 pair and triple merges at AUROC 0.95. On a separate library of
fifty adapters and four merge methods, the locally fitted score recovers 45.5% of the merges that pass
held-out retention validation at 78% precision, using 27% of the exhaustive validation cost.

1 Introduction
Given a library of LoRA adapters trained on the same base, exhaustively validating every candidate merge on
held-out data is expensive, since a fifty-adapter library already has

(
50
5

)
= 2,118,760 five-way candidates. Our

running example is a Qwen2.5-0.5B-Instruct base [Qwen Team, 2024] with a Hugging Face PEFT [Mangrulkar
et al., 2022] library of fifty LoRA adapters spanning instruction following, code generation, GSM8K-style
math [Cobbe et al., 2021], SQL writing, summarization, refusal training, and multi-turn chat. Many merge
operators exist, among them weight averaging [Wortsman et al., 2022], task arithmetic [Ilharco et al., 2023],
TIES (trim, elect sign, and merge) [Yadav et al., 2023], and variants of DARE (drop and rescale) [Yu et al.,
2024], and all of them assume the subset has already been chosen. We ask which subsets are worth validating.

Compatibility Atlas. Given calibration losses for a small design of merge coefficients, fit one convex quadratic
q̂t(c) per task, once. A query (T,U, ℓ) names the tasks to retain, the adapters allowed into the merge, and a
per-adapter weight floor; answer it by solving

min
c∈C(U,ℓ)

max
t∈T

q̂t(c).

Return merge weights c⋆, a surrogate accept/reject certificate, a small blocking task core if rejected, and a sparse
adapter core if accepted. No merged model is evaluated at query time.

A concrete query from this library asks whether the math, SQL, and summarization adapters can be
merged, each with weight at least 0.2, so that the math and SQL tasks keep their single-adapter performance.
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Figure 1: The atlas pipeline and its main results: probe merges are scored once per task, and every later
subset query is a convex minimax over the fitted models, returning a surrogate-certified verdict with task and
adapter cores of order at most d+1.

Every certificate in this paper is a surrogate certificate, a guarantee about the fitted convex models;
upgrading it to a deployed-loss certificate, a guarantee about the model that is actually served, requires
uniform approximation envelopes over the query chart (Theorem 2.3), which we measure on finite designs but
do not establish uniformly. The per-library record of verdicts is the Compatibility Atlas (Figure 1; the full
pipeline is Algorithm 1).

Our contributions:
• A surrogate-certified convex screen. Sion duality gives every verdict a checkable primal–dual certificate

(Theorem 2.1), and supplying approximation envelopes upgrades it to a sound accept/reject/inconclusive
test for the deployed loss (Theorem 2.3).

• Two-sided finite cores. Rejection is forced by at most d+1 protected tasks (Helly) and an accepted
merge places its free weight on at most d+1 adapters (Carathéodory), the two cores forming a discrete
saddle (Theorem 2.4); a shared rank r lowers both orders to r+1 (Theorem C.2).

• Pairwise impossibility. For d ≥ 2 no thresholded pairwise compatibility graph decides every triple
(Theorem 2.5); the disagreements occur in practice (Table 4).

• Evidence at library scale. We validate atlas indexes fitted once at sixteen to fifty adapters, a
four-operator screening run, and deployed coefficient interventions (Figure 1; Section 4).

Complete proofs and the full experimental record appear in the extended version [Kandukoori et al., 2026].

2 Compatibility queries over tasks and adapters
A query names the tasks the merge must retain, the adapters allowed into it, and a minimum weight for each
selected adapter; Table 1 in Appendix B collects notation.

Let fθ0 be a base model and ∆i ∈ Rp LoRA updates trained from the same checkpoint [Hu et al., 2022];
allowed merges are parameterized by a compact convex chart C ⊂ Rd, each point c ∈ C specifying merge
weights and a merged update ∆(c).

A query fixes the adapters U ⊆ [m] allowed in the merge, the tasks T ⊆ [n] it must retain, and a coefficient
floor ℓ ∈ Rm

≥0 supported on U with ∥ℓ∥1 ≤ 1; the free mass is sℓ := 1− ∥ℓ∥1. The merge chart is the simplex
on U raised above the floor, C(U, ℓ) = {ℓ+ sℓz : z ∈ ∆U} ⊆ Rm, a compact convex chart of intrinsic affine
dimension |U |−1 when sℓ > 0; when sℓ = 0 it is the single point ℓ. The Helly dimension that enters the core
bounds is this intrinsic dimension rather than the ambient m; for a set V ⊆ [m], Cℓ(V ) = {ℓ+ sℓz : z ∈ ∆V }
spreads the free mass over V alone.

For task t, let Jt : Rp → Yt be the linear map sending a weight update to its effect on task t’s outputs,
with Yt a Hilbert space. With anchor at ∈ C, the squared change in task t’s output as the merge moves from
at to c is

qt(c) = ∥Jt(∆(c)−∆(at))∥2Yt
, (1)

a convex quadratic in the coefficients when ∆(c) is linear in c, as for the exact weighted sum
∑

i ci∆Wi.
The factor-space operator used in the public screening panels (Section 4.3; Appendix B) is not of that form;
for that operator, Eq. (1) motivates rather than derives the quadratic, which we treat as a fitted surrogate
whose fidelity is measured directly. For validation loss claims we fit a second-order approximation of the
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retained loss ft, scored on every prompt token or only on the tokens of a task’s answer, the answer loss.
The true second derivative need not be PSD for nonlinear losses [Garipov et al., 2018, Frankle et al., 2020,
Ortiz-Jiménez et al., 2023], so we fit an unprojected quadratic model q̃t with curvature H̃t, take the positive
semidefinite projection Ht := ΠPSD(H̃t), and run every certificate computation on the surrogate

q̂t(c) = αt + b⊤t (c− at) +
1
2 (c− at)

⊤Ht(c− at), (2)

with Ht ⪰ 0, logging the projection size per query. The theory below is stated for generic convex task models
qt; in the experiments qt is instantiated by the fitted q̂t, so every certificate is a statement about the fitted
models rather than the deployed loss.

For a protected-task subset S ⊆ [n], define the minimax retention score

ρS(C) = min
c∈C

max
t∈S

qt(c). (3)

The subset is compatible at threshold τ iff ρS(C) ≤ τ . Eq. (3) is a quasiconvex program [Eppstein, 2005,
Amenta, 1994] and the diagonal case of a two-sided score that separates the protected tasks from the merge
adapters and their floor,

ρ(T ;U, ℓ) = min
c∈C(U,ℓ)

max
t∈T

qt(c), (4)

with ρ(A;V, ℓ) the same minimax on Cℓ(V ), while a general chart C (a box, or a router whose gating weights
live in a lower-dimensional convex set) keeps the duality and Helly certificates. A set of tasks is jointly
retainable at level r when their sublevel sets Ft(r) = {c ∈ C : qt(c) ≤ r} share a point (Figure 3).

Theorem 2.1 (Primal-dual certificate). For compact convex C and continuous convex quadratic task models
qt,

ρS(C) = max
λ∈∆S

min
c∈C

∑
t∈S

λtqt(c), (5)

where ∆S is the probability simplex on S [Sion, 1958, Rockafellar, 1970]. Thus any primal c ∈ C and dual
λ ∈ ∆S give L(λ) := minz∈C

∑
t λtqt(z) ≤ ρS(C) ≤ U(c) := maxt qt(c). For any threshold τ , U(c) ≤ τ

certifies compatibility at level τ , L(λ) > τ certifies incompatibility at level τ , and U(c) − L(λ) certifies
optimality of ρS(C).

When the two bounds meet, the pair (c, λ) certifies the exact value.

Proposition 2.2 (Projection is accept-sound). Since Ht = ΠPSD(H̃t) ⪰ H̃t, we have q̂t ≥ q̃t on C, so any
primal c with maxt q̂t(c) ≤ τ certifies compatibility for the unprojected fitted models as well: projection can
remove an accept but cannot introduce one. Errors relative to the deployed loss still depend on the Taylor
remainder and the estimation error in the fitted coefficients, not on the projection.

Theorem 2.3 (Target certificate for the deployed loss). Fix a query (T,U, ℓ) and let ft be the true retained
loss of task t, with ρf (T ;U, ℓ) the two-sided score under the deployed loss. Suppose envelopes ϵ−t , ϵ

+
t ≥ 0 bracket

the task model against this loss on the query chart, q̂t(c)−ϵ−t ≤ ft(c) ≤ q̂t(c)+ϵ+t for all t ∈ T and c ∈ C(U, ℓ).
For a primal c and a dual λ ∈ ∆T , set Utrue(c) := maxt(q̂t(c)+ϵ+t ) and Ltrue(λ) := minc

∑
t λtq̂t(c)−

∑
t λtϵ

−
t .

Then Ltrue(λ) ≤ ρf (T ;U, ℓ) ≤ Utrue(c): Utrue(c) ≤ τ accepts the query, Ltrue(λ) > τ rejects it, and otherwise
the query is inconclusive; both verdicts are sound for the true retained loss, and they cannot disagree. (Proof
in Appendix D.2.)

The envelopes collect the calibration sampling error, the design interpolation error, and the nonlinear
remainder; setting every envelope to zero recovers the surrogate certificate, and Section 4.1 measures the
envelopes on dense three-adapter charts.

Helly’s theorem says that if every d+1 members of a finite family of convex sets in Rd have a common
point then the whole family does; Carathéodory’s, that any point in the convex hull of a set in Rd is a convex
combination of at most d+1 of its points.

When every task model depends on the coefficient only through a shared linear map, qt(c) = q̃t(Rc) with
q̃t convex, write k(C) = dimaff R(C) for the latent-image dimension, ai = Rvi for the images of the adapter
atoms vi (the pure single-adapter settings), and kU = dimaff{ai : i ∈ U}, so kU ≤ min(|U |−1, rankR) and
kU = k(C(U, ℓ)) when sℓ > 0.
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Theorem 2.4 (Finite cores, one- and two-sided). Let C ⊂ Rd be compact and convex. (i) Fixed chart. If S
is incompatible at threshold r, some T ⊆ S with |T | ≤ d+1 is already incompatible at r [Helly, 1923]; the full
score is realized by a sparse core,

ρS(C) = max
T⊆S, |T |≤d+1

ρT (C), (6)

and the order d+1 is tight. Suppose further that qt(c) = q̃t(Rc) with q̃t convex, and consider the two-sided score
ρ(T ;U, ℓ) of Eq. (4). (ii) Task core. Applying Helly in the latent image gives A⋆ ⊆ T , |A⋆| ≤ k(C(U, ℓ))+1,
with ρ(A⋆;U, ℓ) = ρ(T ;U, ℓ); this needs only a compact convex chart, so it holds for a router or box as well. (iii)
Adapter core. On the chart C(U, ℓ) with sℓ > 0, some minimizer c⋆ has residual support V ⋆ = {i : c⋆i > ℓi} of
size at most kU+1, and restricting the free mass to V ⋆ preserves the score; at zero floor the merge therefore
uses at most kU+1 adapters. (iv) Discrete saddle. For sℓ > 0, over nonempty A ⊆ T and V ⊆ U of size at
most kU+1, maxA minV ρ(A;V, ℓ) = minV maxA ρ(A;V, ℓ) = ρ(T ;U, ℓ). Since kU ≤ d every core has order at
most d+1. (Proofs in Appendix D.)

Every fixed-chart threshold decision therefore reduces to a max-core lookup, so the (d+1)-core score table
is a sufficient statistic for exact fixed-chart threshold decisions (formal statement and two-sided generalization
in the extended version [Kandukoori et al., 2026]).

An accepted query never needs more than kU+1 adapters above its floor, while rejection is already forced
by some k(C(U, ℓ))+1 of the protected tasks; on a simplex chart with every adapter free the adapter bound
is vacuous, and it binds when the models share a lower-rank map or the chart is a router of dimension below
|U | − 1. Both orders are simultaneously tight: a symmetric instance with m = n = r+1 and adapter atoms
at the vertices of a regular r-simplex forces each core to use all r+1 indices (Theorem D.1, Appendix D.5).

Theorem 2.5 (No pairwise surrogate on a fixed chart). There is no universally exact representation
of multiway adapter compatibility by a pairwise mergeability graph. For d ≥ 2, two libraries can have
identical pairwise mergeability graphs on the same adapters but different three-way compatibility. Hence clique
completion of a pairwise graph is incomplete for local LoRA-library merging. (Proof in Appendix D.8.)

Beyond this fixed-chart obstruction, query-dependent floors create a second, chart-mismatch disagreement,
in which a triple is feasible on its own chart while a pair sub-query fails on the pair chart; Figure 3 in
Appendix B illustrates both, and Table 4 counts them on the Qwen m=50 panel.

For update-space merging the atlas is invariant to LoRA factor reparameterizations, so no raw-factor-
coordinate or cosine rule can be universally exact (Theorem C.3, Appendix C); the deployed factor-space
operator falls outside this class, and Section 4.1 compares it with the exact update sum.

3 Effective dimension and the atlas as an index
If the task models share an r-dimensional representation, both core bounds improve from d+1 to r+1, and
the order is tight; the minimal such r is exactly the rank rexact(C) of an intrinsic curvature matrix computed
in the chart’s own coordinates (Theorems C.1 and C.2, Appendix C), and a factorization holding only within
a uniform error δ moves every score by at most 2δ (Appendix C).

The rank equals d unless the family omits directions, so exact compression needs a low-rank library;
measured across our panels rexact matches d, and the small cores there come from sparse optima, not low
dimension. Three statements are distinct: the worst-case order d+1 always holds, a certified shared rank r
lowers it to r+1, and an optimum can lie on a low-dimensional face even when rexact = d; the experiments
exhibit this last kind of sparsity. As a computable diagnostic, the mean-Hessian projector residual certifies an
upper bound on the spectral effective dimension σ- adimϵ, the smallest rank at which any projector’s strict
per-task residual falls below ϵ (Appendix C).

Implementation modes. In the primary regime, the atlas index, task models are fitted once on a shared
coefficient chart and reused for every later query, the only regime in which compatibility is downward-closed
in the protected set; two variants, the restricted atlas (fit on the ambient simplex, answer by restriction)
and the local quadratic screen (refit per query, the regime of the public screening panels), are specified in
Appendix B.
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The atlas index. An atlas is a chart C ⊂ Rd with one atom per adapter, one fitted task model per
protected task, and one verdict per queried subset, all relative to a fixed base model, merge operator, ambient
chart, and retention loss; a new operator or a new choice of scored tokens needs a new atlas. Each task has a
PSD-projected channel for certificates and an unprojected channel that ranks better where projection was
active (+0.04 pooled AUROC, Appendix A), and a verdict record stores the coefficient, cores, dual weights,
certificate gap, and fit provenance; Algorithm 1 (Appendix B) collects the pipeline.

On a shared m-adapter simplex with design step 1
2 , the poised quadratic design (poised: the losses

measured at its points determine the quadratic’s coefficients uniquely) consists of all single adapters and
all equal-weight pairs; this is Scheffé’s quadratic simplex-lattice design {m, 2} [Scheffé, 1958], the classical
saturated design for quadratic response surfaces on a mixture simplex [Box and Wilson, 1951]. At d = m−1
this gives Nd = m+

(
m
2

)
design merges, so building the fifty-adapter atlas takes one pass over 50 singles and

1,225 equal-weight pairs. Every later query is a convex minimax over the fitted quadratics; on a laptop CPU
core the released solver answers one in 13 to 46 milliseconds on the m=8 charts and at a median of 0.46
seconds for a five-way query at d=49 (zero-floor timings; at the default floor 0.2 a five-way query reduces to
the single equal-floor point). At the measured effective ranks the far smaller (r+1)-core tables reproduce the
full scores on the Qwen and TinyLlama m=8 shared charts (exactly at r=3 on Qwen, to below 10−3 at r=2
on TinyLlama), and the gap admits a per-library interval certificate (Proposition C.5) that settles 23% of 211
subset queries on the Qwen chart and none on the lossier TinyLlama chart; no certified surrogate decision
disagreed at any threshold in a 201-point sweep.

A verdict is valid for the base and adapter versions recorded with it, and the minimax score is 1-Lipschitz in
the task models, so a stored verdict, as a statement about the fitted models, stays valid while the accumulated
drift bound stays below its certificate margin γ; measured insertion and consolidation drifts sit at the scale of
typical margins (Appendix B.5), so the rule triggers often, and its present value is the soundness of every
served surrogate verdict, not refit avoidance.

4 Experiments
The experiments cover six public panels evaluating the local quadratic screen, with task models refitted
per queried subset: the largest uses Qwen2.5-0.5B-Instruct with fifty adapters and 4,000 pair and triple
queries across four merge operators, and five smaller panels on TinyLlama-v0.3 [Zhang et al., 2024] at
m=12 and Mistral-7B-Instruct [Jiang et al., 2023], Phi-2 [Javaheripi and Bubeck, 2023], Pythia-410M, and
Pythia-1B [Biderman et al., 2023] at m=10 enumerate every pair and triple. The answer-loss panels, on
Mistral-7B at m=8 to 50 and Qwen2.5-1.5B at m=8, instead fit once on the ambient simplex and answer later
queries on its faces. All evaluations share one configuration fixing the feasibility rule, splits, the four operators
(linear; TIES; DARE-TIES; and magnitude pruning, TIES with the trim step but without sign-conflict
resolution), the retention thresholds, and the floor ℓi=0.2. Feasibility labels are finite-design labels: a positive
query has at least one evaluated coefficient that passes the retention rule on held-out prompts, and a negative
label does not rule out an unevaluated coefficient elsewhere on the chart (Appendix B).

4.1 Prediction and coefficient selection from a single fit
The retention labels throughout are loss-based, and whether loss screening transfers to task accuracy depends
on where the loss is scored. On five classification tasks from the released Mistral-7B panel (45 equal-weight
records, adapter gains +0.20 to +0.97 accuracy), the answer loss tracks measured accuracy (Pearson −0.72
pooled) while the prompt-scored loss does not (+0.37); as a ranker at the top-30% budget the answer
loss recovers 48% of accuracy-retaining records at 71% precision against 24% at 36% for the prompt loss.
Quadratic models fitted once on the answer loss retain the association, at Pearson 0.81 against measured
answer loss and AUROC 0.78 for accuracy retention (Appendix A).

Table 3 (Appendix B) and Figure 2 summarize six panels scored on the answer loss, across two bases,
three operators, and libraries of four to sixteen adapters (the sixteen from the Lots-of-LoRAs collection [Brüel-
Gabrielsson et al., 2024]); every panel has positive adapter gains and its measured answer loss moves with
task accuracy (capability Pearson −0.54 to −0.80). Fidelity depends on how much off-design variation the
chart contains: the exactly poised m=8 linear panel sits near the fit noise floor (0.47 on triples), TIES and
DARE-TIES span wider loss ranges and reach 0.89 and 0.79, and the denser m=16 chart reaches 0.96 on
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Figure 2: The index fitted once on the answer loss. (a) Predicted versus measured answer loss on off-design
merges: one 136-point build at m=16 predicts all 120 off-design triples (triangles) at Pearson 0.96, pairs on
the design (circles) at 0.98. (b) Worst-member accuracy at the atlas coefficient minus equal weights: on
three of the four triples where equal weights leave a member below 0.6 accuracy the coefficient improves that
member (+0.07 mean), and it changes little elsewhere. (c) Off-design fidelity rises with design redundancy.

triples alone. The Qwen2.5-1.5B panel marks the limit of the local approximation: merges that leave the
calibration region reach answer losses near 25 nats and triple fidelity falls to 0.04, yet threshold screening
stays informative (AUROC 0.76) because the fitted score still separates near-threshold merges.

Exhaustive validation is expensive at m=16: the
(
16
3

)
=560 triples cost hours to validate while one 136-point

build scores them all and every higher order, with fidelity 0.96 on 120 independently evaluated off-design
triples and screening AUROC 0.99. Because Theorem C.3 constrains gauge-invariant merge maps, we also
reran this panel under the exact weighted sum of updates, which is in that class: the exact sum reaches
fidelity 0.938 on off-design triples against 0.912 for the factor-space operator, a paired difference of +0.026
whose bootstrap interval [−0.04,+0.16] contains zero, in the direction Eq. (1) predicts but below what sixteen
adapters resolve. The rerun also puts the factor-space arm at 0.912 against the 0.957 of the original run on
different hardware, so fidelity values carry at least that much variation between environments and should be
read to one decimal place rather than three.

The same construction extends to thirty and fifty adapters on the same Mistral-7B base. Each build
fits the singles-and-pairs design once (465 and 1,275 design merges) and answers every subset query on its
faces; validation covers every pair plus sampled triples, 443 and 1,096 subsets with every member scored. At
the 70% retention threshold the screen gives AUROC 0.94 at m=30 and 0.95 at m=50 (bootstrap intervals
[0.87, 0.99] and [0.89, 0.98]; triples alone 0.93 and 0.94), and pooled fidelity on off-design triples is 0.86 and
0.85. Two scored tasks have negative single-adapter gains; excluding them and the 106 subsets containing
them leaves the pooled AUROC at 0.94. The cost of scale appears in the per-task statistics: between the
two builds the within-task median of triple fidelity falls from 0.69 to 0.54, and at the strictest threshold the
triples-only AUROC drops from 0.88 to 0.79, so the pooled screen holds at fifty adapters while the per-task
rankings coarsen.

Six three-adapter charts are sampled densely (91 points each); on the original three, the quadratic model
fit on only the six poised design points reproduces the full answer-loss surface at median R2=0.91, and all six
grids yield empirical finite-design envelopes for Theorem 2.3. On the original three charts the fitted models
lie within ϵ+t of 0.07 to 1.6 nats below and ϵ−t of 0.08 to 2.5 nats above the measured answer loss; padding the
retention thresholds by these envelopes certifies 41 of 42 task-subset verdicts for the deployed score over the
evaluated design, every bracket contains the deployed score, and the one remaining query returns inconclusive
rather than a wrong verdict. Three further charts over tasks new at fifty adapters repeat the measurement
with wider envelopes: 32 of 42 verdicts certified, all correct, the other ten inconclusive, all brackets containing
the deployed score.
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4.2 Coefficient and adapter-core intervention
Constructing the cores of Theorem 2.4 on three libraries of fitted task models gives task cores of 1 to 5 tasks
and adapter cores of 3 to 5 adapters, each reconstructing the full minimax score exactly (Appendix B).

On one eight-way Mistral-7B query (linear merge, zero floor, 40 held-out items per task disjoint from
the fit split) we test whether the fitted score transfers to the deployed model (Table 2, Appendix B). The
score-optimal merge is naturally sparse, using 5 of the 8 adapters because its optimum lies on a face; it cuts
the worst task’s held-out answer loss from 3.65 under equal weights to 1.59 and raises mean accuracy from
0.63 to 0.72, and its fitted worst score (1.58) matches the deployed value to within 0.01. A fifteen-query
replication on the sixteen-adapter chart removes the single-query scope: five queries each at orders four, five,
and six give the atlas coefficient a lower deployed worst-member answer loss than equal weights on thirteen
of fifteen (median improvement 2.25 nats); the fitted models predict an improvement on all fifteen, and no
failed prediction reverses by more than 0.21 nats.

Restricting to three adapters and reoptimizing and deploying all
(
8
3

)
=56 subsets, the fitted worst score

ranks them against the deployed worst at Spearman 0.88 and the best-fitted subset is the deployed optimum,
so the fitted score orders supports without a new model evaluation, while dropping to three adapters costs
worst-task loss (2.03 against the five-adapter 1.59; per-support detail in Table 2). This is one query; whether
two coefficients with the same fitted latent image also behave identically on the deployed model is untested.

4.3 Screening across public libraries
Pair queries run on C{i,j} ⊂ R2 and triples on C{i,j,k} ⊂ R3; for every query we evaluate a coefficient design
for held-out labels, fit retention models on calibration prompts, and record the projection size. The released
public panel totals 7,784 evaluated pair/triple records: Qwen2.5 m=50 balanced/circulant slices plus full
pair/triple enumeration for TinyLlama m=12 and Mistral, Phi-2, Pythia-410M, and Pythia-1B m=10 panels.

A direct test of the fixed-chart Helly bound fixes one shared ∆2 chart over three adapters, where each pair
sub-query is the ck=0 face, and runs 146 unique triples from the m=50 linear panel (Appendix B.2); it records
a single Helly witness, a lower bound on the rate since pair feasibility attained only in the chart interior is
not tested. Synthetic libraries verify the d+1 obstruction order analytically at d=2, 3, 4, with the obstructing
core size exactly d+1 in every case (analytic and numerical values in the extended version [Kandukoori et al.,
2026]).

On the Qwen m=50 run, whose calibration prompts are generic instructions, the atlas AUROC is linear
0.89, magnitude pruning 0.85, TIES 0.79, and DARE-TIES 0.76 (DARE-Linear sensitivity 0.87; pooled
AUPRC 0.74), and every per-operator bootstrap and clustered interval excludes 0.5, as does an adapter-
resampling bootstrap [Owen, 2007] over the fifty-adapter pool (pooled [0.75, 0.88], Appendix B.4). We
therefore interpret the Qwen result as retention screening relative to the base, not as an end-task capability
guarantee; the capability claims rest on the answer-loss panels above. Linear and magnitude pruning are the
two strongest operators on three of the five smaller panels, while the two Pythia panels deviate and AUPRC
is the more informative metric at their low base rates; the Phi-2 cells at AUROC 1.00 rest on 68 feasible
events and should be read as point estimates (per-panel tables in the extended version [Kandukoori et al.,
2026]). Screening quality is lower on the events whose fitted curvature required projection (Appendix A).
Figure 4 (Appendix B.3) plots the per-operator AUROC, the operating points, and the low-cost baselines.

At a 20% validation budget (full validation ≈ 33 MI300X-hours), validating the atlas’s top-k recovers
45.5% of the subsets that pass held-out validation at 77.6% precision and saves 73% of the GPU-hours
including the ∼2 s per-query screening cost (adapter-resampling bootstrap: recall [34.2, 59.6]%, precision
[60.8, 91.3]%; full budget curve in Table 5, Appendix B.3). Because the per-query cost scales linearly, screening
all

(
50
5

)
five-way candidates at this rate would take roughly 1,180 GPU-hours, so exhaustive screening of

large subset spaces needs the atlas index, whose build cost is amortized across queries, rather than the
local quadratic screen used in these runs. On the TinyLlama-12 library, selecting the lowest-score 20% of
candidates clears the retention threshold on every constituent task in 30% of pairs and 12% of triples, versus
7% and 4% under random selection.

Atlas screening outperforms the label-free low-cost screens on Qwen, at per-operator AUROC 0.76 to
0.89 versus 0.64 to 0.73 for a single-adapter calibration-gain floor and 0.63 to 0.81 for leave-one-slice-out
logistic regression, and cosine baselines on raw (B,A) and on ∆W=BA trail it by at least 25 AUROC points
(per-operator table in the extended version [Kandukoori et al., 2026]). Clique screening over a fully validated
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pair table ranks triples at 0.77 to 0.87, near the atlas, but presumes the
(
50
2

)
held-out pair evaluations the

other screens do not receive: a pair table costs about 10 GPU-hours and answers only pair queries, whereas
the atlas build scores 1,275 design merges at probe cost and answers every subset query at every order. A
hybrid ranking triples by the atlas’s own predicted pair feasibility improves every budgeted operating point
at no extra cost (Appendix B.1).

Supervised baselines characterize the break-even: gradient-boosted trees and a small MLP lose to the atlas
on new or pair-screened libraries (cold-start gaps +0.263 to +0.392 AUROC; +0.24 on the TinyLlama sweep)
and overtake it only in the transductive full-history regime, after receiving adapter identities and feasibility
labels from the target library itself (+0.025 to +0.107; full table in the extended version [Kandukoori et al.,
2026]). The cold-start comparison is asymmetric, since the atlas consumes calibration evaluations of the
actual merged model; granting a GBM and an MLP the atlas’s probe-derived outputs shifts per-operator
AUROC by −0.02 to +0.02 relative to the atlas rule, so the fixed convex rule extracts essentially all the
screening signal its calibration evaluations carry.

Performance is stable over the tested ranges of the coefficient floor and the retention threshold, with
AUROC 0.92 to 0.97 across a five-point floor sweep and pooled AUROC in [0.79, 0.87] as the retention
threshold sweeps the base rate from 9% to 67%; a TinyLlama sweep over 20 threshold-and-seed cells (5720
queries) gives mean AUROC 0.938, and in its four τ=0.55 cells 17 accepted triples are non-cliques in the pair
graph, false negatives of pairwise screening on subset-specific charts (sweep detail in Appendix B.4). Measured
spectral effective dimensions across all charts are in Appendix B: certified rank 2 on the homogeneous m=8
chart, rising with task heterogeneity to 23 on the Qwen m=50 chart, flat at 5 to 6 on the task-homogeneous
Mistral substrate from sixteen through fifty adapters.

5 Discussion and related work
Several methods improve a merge after its subset has been chosen: KnOTS [Stoica et al., 2025] aligns
update subspaces with an SVD, Core Space [Panariello et al., 2025] and NSC [Lee et al., 2026] compress the
updates, Pico [Tang and Yang, 2026] and OSRM [Zhang and Zhou, 2025] calibrate the factor spaces, LoRA
Soups [Prabhakar et al., 2025] composes checkpoints, LoraHub [Huang et al., 2024] searches coefficients on a
fixed subset, and Fisher merging [Matena and Raffel, 2022] and RegMean [Jin et al., 2023] compute merged
weights for a supplied subset; full-model fusers [Wan et al., 2025, Jang et al., 2024, Huang et al., 2024, Lu
et al., 2024] likewise target the merge itself and produce no feasibility score. The atlas screens the subsets,
and its coefficient comes from one convex optimization over the fitted models, with no black-box search;
a practitioner can screen with the atlas first, then merge the survivors with any of these operators. Task
grouping [Fifty et al., 2021] predicts which tasks should train together, a different problem from screening
already-trained adapters.

An alignment-based screener built from KnOTS’s SVD step is at chance on 999 linear Qwen events
(AUROC 0.500, versus 0.894 for the atlas on the same events), and per-adapter gradient alignment is also at
chance on the eight-task answer-loss panel where the atlas scores 0.95 to 0.98; a different alignment estimator
could behave otherwise. Recent work studies pre-merge signals and causes of mergeability for a supplied
set: Zhou et al. [2026] regress merge success on interpretable gradient and subspace properties, Wang et al.
[2026] score merging compatibility from limited unlabeled data, and Rahamim et al. [2026] analyze the
role of base-model knowledge, with related set-level analyses by Cao et al. [2026] and Tang et al. [2026].
The atlas instead uses task-conditioned calibration loss to answer a query over protected tasks and eligible
adapters, returning optimized coefficients and sparse witnesses for the fitted problem; Theorem 2.5 limits rules
determined only by pair information, not set-level learned predictors, and we make no matched-information
comparison with predictors whose calibration access and outputs differ from ours.

6 Limitations
Validity for deployed losses. Every certificate we report is a surrogate certificate: exact for the fitted
task models, and silent about the deployed loss until envelopes are supplied. Decisions about the deployed
loss additionally require uniform approximation envelopes over the continuous chart (Theorem 2.3); these
remain unestimated. Section 4.1 evaluates finite-design versions on six dense charts, while the larger panels’

8



certificates remain statements about the fitted models, and the deployed tests of coefficient selection cover
sixteen queries in total.

Weak calibration targets on Qwen. The generic prompts in the m=50 Qwen run give weak single-
adapter gains, so those results measure retention relative to the base; the capability claims rest on the Mistral
panels scored on the answer loss, and because the atlas records where each channel’s loss is scored, moving to
tasks with recoverable answers requires only a refit.

Dependent events. Pair and triple records share adapters and tasks, so the adapter-resampling and leave-
one-adapter-out analyses measure stability within the observed libraries and make no claim of population-level
coverage.

Index scale. The atlas index is validated to fifty adapters on one base and one merge operator; the
four-operator evidence at fifty still comes from the local quadratic screen on Qwen, within-task fidelity
medians fall as the library grows, and six of the fifty tasks are unscoreable because their prompts exceed the
context limit.

Rank compression is per-core. Small ranks occur on the local and m=8 charts and the Mistral ambient
charts hold certified rank 5 to 6 through fifty adapters, but the heterogeneous Qwen m=50 chart needs rank
23, so direct convex queries remain the default there.

Conclusion
Compatibility in a LoRA library depends on the tasks to protect and on the adapters available to the merge.
The Compatibility Atlas models this relation with reusable task models; each answer names the merge weights
and the small task and adapter cores that explain it, under a surrogate certificate for the fitted models rather
than an established uniform guarantee for the deployed loss, with the strongest current evidence collected in
Figure 1. The dual certificates of rejected queries are constructive minimal blocking task cores, supporting
sub-library synthesis and library covering, which we develop in a companion paper; the main open problem is
dynamic maintenance after accepted merges change the base model.

Ethical considerations. The method reduces validation waste by screening candidate merges before GPU
time is spent on every one. Cheaper merging could lower the cost of assembling specialized models with
undesirable capabilities; we mitigate this by not releasing model weights or adapters. Every repository we
use reports an Apache-2.0 or MIT-compatible license, and no human subjects or private data are involved.

Code and data
The screening runner, the analysis scripts, and every released result are at https://github.com/sushaan-k
/lora-compatibility-atlas. Running verify.py there recomputes the paper’s headline numbers from the
released records and checks them against the values printed here.

Author contributions
S.K. conceived the project, designed the experimental program, and led the research and the writing. A.A.
contributed to the experiments and the codebase. D.B. developed the mathematical derivations and sourced
the compute. A.P. carried out the data analysis and curation. V.F. supervised the work and advised on
methodology and presentation.
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A From fitted task models to deployed loss
PSD-projection stability. The PSD projection is frequently active, with projection rate 0.63 to 0.93
across the six base panels, and on Qwen m=50 the pooled AUROC drops from 0.886 on naturally PSD events
to 0.783 on projected ones. The linear cell barely moves (0.897 unprojected versus 0.887 projected) and
DARE-TIES is most sensitive (0.879 versus 0.718), and dropping the largest-correction quartile leaves the
operator ranking intact.

Debiasing ablation. Projection is accept-sound but not order-preserving, so it can cost ranking on the
projected subset. Across two Qwen m=50 slices (637 projected events), re-scoring each projected event by
the unprojected model at the same certificate solution raises pooled AUROC from 0.839 to 0.879 (+0.040).
The gain grows with the size of the projection correction: DARE-TIES 0.756→0.842 and magnitude pruning
+0.012, against a flat linear (−0.008) and TIES (−0.010). The certificate retains the soundness guarantee,
while the unprojected model is a better statistic for prioritizing projected events.

Proposition A.1 (Projection acts only through an active task core). Let λ̂ be an optimal dual for the
projected surrogate on query S, chosen with support A = {t : λ̂t > 0} of size |A| ≤ d+1 (a sparse optimal
dual always exists, by Carathéodory applied to the dual stationarity condition), and let ĉ be a matched primal.
If H̃t ⪰ 0 for every t ∈ A, then projection changes nothing on this query: L(λ̂) and U(ĉ) coincide for the
unprojected and projected models, and the two scores agree at the same primal-dual pair. A query’s certificate
therefore moves only when one of its at most d+1 core tasks is indefinite, so the per-task projection rate
overstates how often projection reaches the certificate. (Proof in the extended version [Kandukoori et al.,
2026].)

Certificate-margin reliability. Binning the 4,000 Qwen events by certificate margin quintile gives
feasibility rates {8.6, 13.9, 22.5, 48.0, 77.6}% from least- to most-feasible quintile, with Wilson intervals [Wilson,
1927]; the per-panel reliability curves are in the extended version [Kandukoori et al., 2026]. Under leave-one-
slice-out Platt scaling [Platt, 2000] the score calibrates to a Brier score [Brier, 1950] of 0.164, versus 0.225 for
a constant base-rate predictor, with 10-bin expected calibration error [Guo et al., 2017] of 0.068.

Capability probe: loss versus accuracy. On Mistral-7B-Instruct with the SNLI adapter [Bowman et al.,
2015] (base at chance 0.35, adapter 0.95), across 19 equal-weight merges, the input-prompt loss does not track
accuracy (Pearson +0.43) while the same loss restricted to the answer token does (−0.96). The five-task panel
replicates the pattern (pooled −0.72 versus +0.37; per task −0.96 to −0.15), and the correlation weakens
where merges barely change accuracy or the adapter gain is small, that is, where there is little signal to track.

B Protocols, algorithm, and additional data
Chart mismatch. For a fixed floor the score is nondecreasing in T and nonincreasing in U , so with the
chart held fixed compatibility is downward-closed in the protected set and the only possible pair/triple
disagreement is the classical Helly one, every pair feasible but the triple not. With a query-dependent floor
the charts stop nesting: once ℓ ≠ 0 the pair chart C({i, j}, ℓ) is not a face of the triple chart C({i, j, k}, ℓ), so
a triple can be feasible while a pair sub-query is not (Figure 3b); Table 4 counts both disagreements on the
Qwen m=50 panel.

Operator semantics and item splits. The deployed linear operator is PEFT’s add_weighted_adapter
with combination_type=linear, which scales each adapter’s factor pair by the square root of its coefficient
before summing: the resulting update is

∑
i,j

√
cicj sBiAj , whose diagonal terms recover ci ∆Wi and whose

cross terms mix distinct adapters’ factors (the exact weighted sum is combination_type=cat). Every fit and
every validation merge in a panel use the same operator, so all numbers are statements about the operator
actually deployed. On the Mistral answer-token panels, off-design refers to merge configurations absent from
the fit design; their evaluation items are the task’s calibration items, so those numbers measure generalization
across coefficient settings, while the deployed intervention runs evaluate on held-out instances disjoint from
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Table 1: Core notation.
m, n, d adapters, protected tasks (n=m in experiments), chart dimension
C ⊆ Rd compact convex coefficient chart (the allowed merge-weight settings)
ft, qt, q̃t, q̂t deployed task loss; generic convex task model in the theory; unprojected quadratic

fit; PSD-projected model used in optimization
ρS(C) = minc∈C maxt∈S qt(c) minimax retention score for subset S on C
T ⊆ [n], U ⊆ [m], ℓ protected tasks, merge adapters, coefficient floor (sℓ=1−∥ℓ∥1); the diagonal sets

T=U=S
C(U, ℓ)={ℓ+sℓz : z ∈ ∆U} merge chart: the simplex on U raised above the floor
ρ(T ;U, ℓ) two-sided score minc∈C(U,ℓ) maxt∈T qt(c); diagonal ρ(S;S, 0)=ρS(∆S)
R, ai=Rvi, kU shared linear map into the latent space, adapter atoms (vi=ei on the ambient simplex),

their affine dimension
∆S , ∆U probability simplex on the index set S (or U)
Ft(r) = {c ∈ C : qt(c) ≤ r} task-t sublevel set at threshold r
Nd = 1 + d+ d(d+1)/2 number of coefficients of a quadratic model on a d-chart
τ retention threshold (used {0.55, 0.65, 0.70, 0.75, 0.85})

(a) Fixed chart
all pairs feasible, triple infeasible

F1 F2

F3 ⋂
t Ft = ∅

c1

c2

chart C ⊂ R2

(b) Subset-specific charts
triple feasible, a pair sub-query infeasible

e1 e2

e3

ambient ∆2C{1,2,3},
ci ≥ 0.2:
triple feasible

∅

C{1,2} (c3=0):
pair sublevel sets disjoint

Figure 3: Two ways that pair and triple checks can disagree. (a) Fixed chart, where only the protected set
varies: three convex sublevel sets in C ⊂ R2 can intersect pairwise while having no common triple intersection
(Theorem 2.5). (b) Subset-specific charts with floor ℓi=0.2: the pair chart and the triple chart are different
subsets of the ambient ∆2, neither a face of the other, so a triple can be feasible on its chart while a pair fails
on the pair chart.

the fit split. The Qwen panels’ held-out scores come from validation prompts separate from the calibration
probes throughout.

Regimes. The atlas index holds the chart fixed and fits once, so one fit serves every later query. The
restricted atlas fits once on the full ambient simplex and answers each query by restriction, with no further
evaluation of any merged model. The local quadratic screen refits the task models after (T,U, ℓ) is chosen; the
public PEFT panels use this regime on the diagonal T=U=S with ℓi=0.2, scoring a pair on C({i, j}, ℓ) ⊂ R2

and a triple on C({i, j, k}, ℓ) ⊂ R3.

Feasibility rule. For task t, let L0(t) be the base loss, L1(t) the single-adapter loss, and Lc(t) the merged
loss at coefficient c. A query is feasible at retention threshold τ iff every selected task satisfies

L0(t)− Lc(t) ≥ τ
(
L0(t)− L1(t)

)
.

The denominator is the single-adapter gain, clamped below at 0.005 nats, so a task whose adapter does
not measurably improve on the base contributes the criterion that the merge must not degrade the base
loss. The clamp is often active on the Qwen panel, whose calibration probes are generic instruction prompts
(median gain −0.02 nats, 43 of 50 below the floor), so most Qwen labels reduce to holding the merge near the
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Algorithm 1 Atlas pipeline: task models are fitted once on a fixed chart (the atlas index), fitted once on
the ambient simplex and reused by restriction (the restricted atlas), or refitted per query on subset-specific
charts (the local quadratic screen).
Input: Protected tasks T ⊆ [n], merge adapters U ⊆ [m], coefficient floor ℓ supported on U with ∥ℓ∥1 ≤ 1,
threshold τ , margin η; linear map R with adapter atoms ai=Rei; per-task calibration prompts {Dt}t∈T .
Output: Verdict ∈ {accept, reject, inconclusive} with primal c⋆, adapter core V ⋆, task core A⋆, dual λ⋆, gap,
and a robust primal–dual interval.
Fit or reuse task models. Regime 1 (atlas index): fit once on the shared chart, amortized cost nNd scalar
probes. Regime 2 (restricted atlas): fit once on the ambient simplex, answer by restriction. Regime 3 (local
quadratic screen): refit for the current chart at cost |T |Nd. The anchored model is q̂t of Eq. (2). Exact mode
solves on the full models; reduced mode first restricts them to the top-r eigenspace of H̄ = |T |−1

∑
t∈T Ht

when its strict residual check passes, and its score ρr satisfies |ρ− ρr| ≤ δ for the uniform reduction error
δ = supt,c |q̂t(c)− q̂

(r)
t (c)| (Proposition C.5).

Solve the minimax. Compute ρ◦ = minc∈C(U,ℓ) maxt∈T q◦t (c) for the models in force, with primal minimizer
c⋆ and optimal dual λ⋆ (Theorem 2.1).
Carathéodory elimination. Write x⋆=Rc⋆ and split off the floor along the free mass: the residual
w⋆=(x⋆ −Rℓ)/sℓ lies in conv{ai : i ∈ U} (when sℓ=0 the chart is the single point ℓ and this step is skipped).
While more than kU+1 atoms carry positive weight, solve for an affine dependence among the active ai
and shift weights along it until one vanishes, holding w⋆ fixed. This returns the residual core V ⋆ with
|V ⋆| ≤ kU+1, which reproduces the score on Cℓ(V

⋆) (Theorem 2.4).
Task core. Extract a Helly task core by greedily deleting tasks from the active set while the score of the
remainder stays within tolerance of ρ◦, then re-solving the dual on the remainder. This returns A⋆ with
|A⋆| ≤ kU+1 whose restricted score equals ρ◦; a blocking core when ρ◦ > τ .
Verify the cores. Recompute the score on the residual-support chart and confirm it equals ρ◦, so the task
and adapter cores jointly reconstruct the solved score.
Robust intervals and verdict. Form Utrue(c

⋆) and Ltrue(λ
⋆) from the per-task envelopes ϵ±t (Theorem 2.3);

in reduced mode the final verdict is checked against the full fitted models. With empty envelopes this is the
surrogate-ranking mode of the reported experiments. Accept if Utrue(c

⋆) ≤ τ−η/2; reject if Ltrue(λ
⋆) > τ+η/2;

otherwise return inconclusive.

base loss; the task-aligned Mistral panel has a stronger target (median gain +0.05). We fit PSD-projected
quadratic models to the normalized retention deficit on calibration prompts, solve the minimax certificate,
and label feasibility on held-out prompts from the evaluated design; every query returns a coefficient, primal
and dual values, dual weights, certificate gap, per-task margins, and, when rejected, a blocking task core.

Core construction on fitted libraries. We construct the cores of Theorem 2.4 directly on three libraries
of fitted task models, the homogeneous Qwen chart (m=8) and the Mistral charts at m=8 and m=16. On all
three the exact shared dimension rexact equals the chart dimension (7, 7, 15), so no exact rank reduction is
available; the cores are small regardless. The Helly task core reduces greedily to 1, 5, and 2 tasks and the
Carathéodory adapter core to 3, 5, and 5 adapters; each reconstructs the full minimax score exactly. The
task core is the binding set: dropping one member relaxes ρ by up to 0.41 (m=8) and 5.85 (m=16), and
equal-size random task subsets fall below ρ in 88 to 100% of draws.

Panels and manifest. The public panel uses the four Qwen2.5 m=50 slices plus the m=10 to m=12
panels for TinyLlama, Mistral, Phi-2, Pythia-410M, and Pythia-1B; the non-Qwen manifests enumerate every
pair and triple per operator with floor 0.2. Balanced slices draw triples so that each adapter appears equally
often; circulant slices take the pairs (i, i+k) at fixed offsets. All runs use a single fixed random seed for the
calibration/held-out split, taken before any feasibility label is computed; the released runs used a single AMD
MI300X with ROCm 7.0, and every number in the tables is reproduced by the archive’s entry point with the
corresponding panel configuration. A separate TinyLlama sweep covers 5,720 queries across five thresholds
and four seeds, and a DARE-Linear re-run on the same Qwen slices (1000 events) reaches atlas AUROC
0.870.
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Table 2: Deployed adapter-core intervention on one eight-way Mistral-7B m=8 query (linear merge, zero
floor, 40 held-out items per task). Fitted worst is the surrogate maxt q̂t at the coefficient; deployed worst and
mean accuracy are measured on held-out answer tokens. The last two rows evaluate all

(
8
3

)
=56 three-adapter

supports, each reoptimized on its own chart; the final row reports the median deployed worst loss with
interquartile range and the median support-level mean accuracy.

Coefficient Support Fitted worst (nats) Deployed worst (nats) Mean acc.

Equal weights 8 6.40 3.65 0.63
Full atlas minimizer 5 1.58 1.59 0.72
Top-3 weight truncation 3 2.76 2.90 0.65
Rank-2 atlas core 3 3.45 3.46 0.67
Best-fitted 3-subset 3 2.12 2.03 0.74
All 56 reoptimized 3-subsets 3 – 5.84 [3.30, 8.28] 0.57

Table 3: Capability panels scored on the answer loss, at the 70% retention threshold. Fidelity is the Pearson
correlation, on triples alone, of predicted against measured answer loss on off-design triples; the m=16
value 0.96 has adapter-block bootstrap 95% interval [0.75, 0.98] and leave-one-adapter-out range [0.86, 0.97].
AUROC (adapter-block bootstrap 95% intervals) and AUPRC screen subsets by the worst member’s predicted
deficit, and capability is the pooled Pearson of answer loss against task accuracy. †: the m=8 linear panel
has all-feasible pairs and four infeasible triples, all sharing one adapter, so the 0.98 is a point estimate rather
than a stable AUROC.

Base m Operator Queries Feasible Fidelity AUROC (95% interval) AUPRC Capability

Mistral-7B 8 linear 84 0.95 0.47 0.98† – −0.67
Mistral-7B 8 TIES 84 0.29 0.89 0.71 [0.62, 0.91] 0.62 −0.61
Mistral-7B 8 DARE-TIES 84 0.55 0.79 0.55 [0.31, 1.00] 0.71 −0.71
Mistral-7B 16 linear 240 0.83 0.96 0.99 [0.96, 1.00] 1.00 −0.54
Qwen2.5-1.5B 8 linear 84 0.63 0.04 0.76 [0.54, 0.99] 0.85 −0.68
Mistral-7B 4 linear 10 0.90 – – – −0.80

Measured effective dimension. The spectral diagnostic certifies σ- adim0.20 ≤ 2 on the homogeneous
m=8 Qwen shared chart and median 2 across twenty random five-adapter cores; the certified rank rises with
task heterogeneity, to 4 to 5 on the diverse TinyLlama charts, 6 on the sixteen-task Mistral chart, and 23 on
the heterogeneous Qwen m=50 chart, where no small shared rank is certified. Library size alone does not
drive the growth, since the task-homogeneous Mistral substrate certifies rank 5 to 6 flat from sixteen through
fifty adapters, and clustering the adapters by curvature affinity does not lower the shared rank (spectra and
per-chart values in the extended version [Kandukoori et al., 2026]).

B.1 Qwen baselines and hybrid screening
A hybrid of clique screening with the atlas. A triple can be ranked by how many of its three pair
sub-queries are feasible, breaking ties by the triple atlas score. Using the atlas’s own predictions costs no extra
validation, and the resulting hybrid improves on the atlas score alone at every budget on the 4,400 pooled
public triples: recall/precision at the 10/20/30/50% budgets is 0.32/0.79, 0.56/0.69, 0.75/0.61, 0.90/0.44,
versus 0.29/0.71, 0.54/0.67, 0.66/0.54, 0.82/0.40 for the atlas alone. Using held-out pair labels instead does
slightly better still, but presumes a fully validated pair table; both hybrids keep the atlas’s coefficients and
certificates for every candidate they forward.

B.2 Fixed-chart Helly probe on Qwen
On the Qwen runs, pairs are screened on the chart C{i,j} while triples use the larger chart C{i,j,k}, so the
pairwise graph screen can wrongly accept a triple; the probe tests whether those triples also realize the Helly
obstruction on one fixed chart at the correct intrinsic dimension. We run a shared ∆2 chart probe over
146 unique triples from the m=50 linear panel with no coefficient floor, so each pair sub-query is the ck=0
face of the same chart. The probe is one-sided: pair feasibility certified on a face carries over to the full
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Table 4: Pair-vs-triple disagreement on balanced Qwen m=50. The closure row joins the balanced-slice run
(which leaves 400 pair faces unevaluated per operator) with a separate face-pair run that evaluates exactly
those missing pair sub-queries; after the join the missing-face count drops to 0. The released events contain
70 pair keys whose held-out labels conflict across slices, and the original run’s join of those conflicts is not
recoverable; under the join variants in the release the counts move by a few in each cell, always with the
same conclusion, that chart-mismatch disagreements dominate fixed-chart Helly events.

Linear TIES DARE-TIES Mag. pruning

All 3 pair sub-queries feasible, triple infeasible 1 14 13 3
Triple feasible, ≥ 1 pair sub-query infeasible 102 78 110 99
Triple feasible, exactly 2 pair sub-queries infeasible 27 21 34 28
Triple feasible, all 3 pair sub-queries infeasible 8 5 16 11
Triples lacking evaluated pair faces after closure 0 0 0 0

chart, so each recorded event is a valid fixed-chart Helly witness, but pair feasibility attained only in the
interior is not tested, and the count is a lower bound. The deduplicated breakdown: 48 triples with all four
sub-queries feasible, 66 with all four infeasible, 31 mixed, 1 Helly event; the per-triple records are in the
extended version [Kandukoori et al., 2026].

B.3 Operating points and budget curve
At a 30% budget, the atlas recovers 55 to 73% of feasible events depending on the operator, compared with
30% for random screening; the extra cost is about 2 s of screening versus 30 s of full validation per query, and
the savings in Table 5 include it. The full per-operator operating-point table and the low-cost baseline table
are in the extended version [Kandukoori et al., 2026].

Table 5: Compute savings from atlas pre-screening on the Qwen m=50 balanced panel. Full validation of all
4000 events takes approximately 33.3 MI300X-hours. Screening with the atlas costs ∼2 s per query; the top-k
atlas-ranked candidates then receive full validation. k chosen at each validation budget; cost in MI300X-hours;
savings vs full validation.

budget k feasible recall precision cost (GPU-h) savings

5% 200 14.2% 97.0% 3.89 88%
10% 400 24.8% 84.8% 5.56 83%
20% 800 45.5% 77.6% 8.89 73%
30% 1200 63.3% 72.0% 12.22 63%
50% 2000 80.8% 55.1% 18.89 43%

B.4 Stability diagnostics
Recomputing AUROC on the events that avoid each of the 50 Qwen adapters in turn, the leave-one-out
median agrees with the full-data estimate to within 0.002 and the per-operator range spans 0.021 to 0.043, so
no single adapter accounts for the screening signal. The pigeonhole bootstrap of Owen [2007], resampling
adapters instead of events (B=2,000), gives 95% AUROC intervals of linear [0.821, 0.946], magnitude pruning
[0.758, 0.918], TIES [0.691, 0.883], DARE-TIES [0.673, 0.835], pooled [0.748, 0.884], every interval excluding
0.5. Owen’s coverage guarantees are for crossed random-effects designs, so these are a stability analysis over
the adapter population rather than calibrated coverage for the pair/triple hypergraph. In the parameter
sweeps, the α=0 panel keeps AUROC 0.80 to 0.90 across operators, and the TinyLlama threshold-and-seed
sweep spans AUROC 0.843 to 0.976 with top-quartile enrichment 3.858 over a 2.41% base rate. Per-operator
tables, clustered intervals, the floor and threshold sweeps, and the per-panel certificate diagnostics are in the
extended version [Kandukoori et al., 2026].
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Figure 4: The Qwen m=50 panel (4,000 pair and triple events, four predeclared slices). (a) Atlas AUROC
per operator with cluster-bootstrap stability ranges. (b) AUPRC per operator against the feasible base rate.
(c) Recall of top-k screening across validation budgets. (d) The atlas versus the low-cost baselines on triples.

B.5 Maintenance of the index
If maintenance changes each task model by at most dt on the chart, then the score moves by at most
maxt∈T dt, by the 1-Lipschitz dependence of the minimax on the models. Insertion has three cases: a new
adapter adds a coordinate, with each existing model acquiring m+1 new coefficients fixed by the same m+1
insertion evaluations (replaying the build one adapter at a time moves the shared models by a median 0.16
nats per added coordinate); a new protected task adds no coordinate and fits one new model on the Nd

existing design points; and the combined case does both. Consolidation writes an accepted merge into the
base weights and changes every task model: consolidating an accepted pair moves the remaining adapters’
models by a median 0.09 and at most 0.41 nats in single-adapter answer loss, small relative to the multi-nat
gains but of the same size as typical certificate margins, which supplies the index’s refit criterion.

C Additional theory
Theorem C.1 (Effective dimension finite core). Let C ⊂ Rd be compact convex. Suppose there is a linear
Π : Rd → Rr and convex q̃t : Rr → R with qt(c) = q̃t(Πc) for every t ∈ [n], c ∈ C. Then for every S ⊆ [n],
ρS(C) = maxT⊆S, |T |≤r+1 ρT (C), and the order r+1 is tight. (Proof in Appendix D.7.)

Exact shared dimension. The fitted models may vary along fewer than d directions of a given chart.
That number is a matrix rank computed in the chart’s own coordinates: writing aff(C) = c0 + L with Q

an orthonormal basis of L, the restricted model has slope gt and curvature Ĥt = Q⊤HtQ, and the intrinsic
curvature matrix is MC =

∑
t(Ĥ

2
t +gtg

⊤
t ) with rexact(C) := rank(MC); its kernel is exactly the set of intrinsic

directions along which every task model is constant on C, while the ambient matrix
∑

t(H
2
t + btb

⊤
t ) overstates

the dimension.
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Theorem C.2 (Exact shared dimension). Let C have non-empty relative interior in aff(C), and let Πexact

be the projection onto the top rexact(C) eigenvectors of MC . Each restricted model factors as q̂t(c0 +Qz) =
q̃t(Πexactz) for a convex q̃t, so for every S,

ρS(C) = max
T⊆S, |T |≤rexact(C)+1

ρT (C)

holds exactly, the induced map realizes the shared linear map R of Theorem 2.4 with both cores of order at
most rexact(C)+1, and no linear map of rank below rexact(C) preserves every fitted model on C without error.
(Proof in Appendix D.6.)

Gauge invariance. LoRA factors carry a reparameterization, since (B,A) and (BR,R−1A) encode the
same weight update for any invertible R, so a rule that reads raw factor coordinates can change its answer
while the model does not change. A merge map is gauge invariant when ∆(c) depends on the adapters only
through the represented updates {∆Wi}, as the exact weighted sum does; factor-space operators need not lie
in this class, since PEFT’s linear combination produces cross terms BiAj and the merged model itself can
then depend on the factorization. The ellipsoidal sublevel sets also depend on the task metric, which already
rules out raw task-vector cosine as a universal rule; Theorem C.3 shows the sublevel-set family is exactly the
gauge-invariant content of the fitted local models.

Theorem C.3 (Sublevel-set identifiability and raw-geometry impossibility). The quadratic task models
determine the sublevel-set family, all scores, finite cores, dual witnesses, and optimal coefficient sets, and
conversely the sublevel-set family recovers each qt on C. If the merge map is gauge invariant, then LoRA gauge
transformations preserve every task model and every answer, so no non-gauge-invariant factor-coordinate rule
and no raw-parameter cosine rule can be universally exact for adapter compatibility. (Proof in Appendix D.9.)

Spectral effective dimension. Let L = {H1, . . . ,Hn} be the per-task PSD Hessians. The spectral effective
dimension at residual ϵ is

σ- adimϵ(L) := min
{
r : ∃ rank-r orthogonal projection Π with maxt ∥Ht −ΠHtΠ∥F ≤ ϵmaxt ∥Ht∥F

}
.

Remark C.4 (Mean-Hessian projector diagnostic). The top-r eigenspace Πr of the mean Hessian H̄ = 1
n

∑
t Ht

is a computable candidate projector, obtained in O(d3+nd2) time. Certifying its strict per-task residual gives
a computable upper bound on σ- adimϵ(L) and an obstruction order at most r + 1 with additive certificate
slack ϵLFD

2 for LF = maxt ∥Ht∥F and D = diam(C) (a non-zero linear term adds 2maxt ∥(I −Πr)bt∥2D).
This certifies the residual of one specific projector; it is not a solver for the minimum-rank projector.

Approximate reduction. When the models factor through a rank-r map only within a uniform error δ,
every score moves by at most 2δ: |ρS(C)−max|T |≤r+1 ρT (C)| ≤ 2δ, and the two-sided restricted maximin
and minimax scores agree with the true score to within the same 2δ (statements and proofs in the extended
version [Kandukoori et al., 2026]).

Proposition C.5 (Interval certificate for rank-reduced models). Let C ⊆ {c ∈ Rd : c ≥ 0,
∑

i ci ≤ 1}
be compact convex, with models in the uncentered parametrization. For an orthogonal projector Π of rank
r, let q̂

(r)
t be the reduced model with coefficients (αt,Πbt,ΠHtΠ) and ϵS := maxt∈S supc∈C |q̂t(c) − q̂

(r)
t (c)|,

computable exactly by face enumeration when C is a polytope. Then |ρS(C)− ρ
(r)
S (C)| ≤ ϵS for every S; each

reduced model is convex and factors through Π, so the (r+1)-core identity holds exactly for the reduced models;
and whenever the reduced core-table score differs from τ by more than ϵS, the full-model decision coincides
with the reduced core-table decision. (Proof in the extended version [Kandukoori et al., 2026].)

Estimation. Estimated models with uniform error η move every score by at most η; reaching sup-norm
precision η under poised quadratic interpolation needs O(κ2B2η−2 log(nNd/δ0)) example evaluations per
task and design point, for per-prompt deficits bounded by B, poised-design conditioning constant κ, and
failure probability δ0 (proof via Hoeffding [Hoeffding, 1963] and interleaving stability [Chazal et al., 2016] in
the extended version [Kandukoori et al., 2026]).
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D Proofs

D.1 Proof of Theorem 2.1
Set F (c, λ) =

∑
t∈S λtqt(c). Since C and ∆S are compact convex sets and F is continuous, convex in c, and

affine in λ, Sion’s minimax theorem [Sion, 1958] applies:

min
c∈C

max
λ∈∆S

F (c, λ) = max
λ∈∆S

min
c∈C

F (c, λ).

The inner max over λ collapses to maxt∈S qt(c), which gives the stated equality. The certificate inequalities
are weak duality. For any threshold τ , U(c) ≤ τ puts c inside every sublevel set at level τ , and L(λ) > τ
forces every c above level τ on at least one task.

D.2 Proof of Theorem 2.3
For every c ∈ C(U, ℓ) and every t ∈ T , ft(c) ≤ q̂t(c) + ϵ+t ≤ Utrue(c), so maxt∈T ft(c) ≤ Utrue(c); minimizing
over the chart gives ρf (T ;U, ℓ) ≤ Utrue(c). For the lower bound,

∑
t λtft(c) ≥

∑
t λtq̂t(c) −

∑
t λtϵ

−
t for

every c, so minc
∑

t λtft(c) ≥ Ltrue(λ); weak duality, which holds for ft with no convexity assumed, gives
ρf (T ;U, ℓ) ≥ maxλ′ minc

∑
t λ

′
tft(c) ≥ Ltrue(λ). The sandwich rules out returning both verdicts.

D.3 Proof of Theorem 2.4, part (i)
Monotonicity (≤). For any T ⊆ S, maxt∈T qt ≤ maxt∈S qt pointwise on C, so ρT ≤ ρS and hence
max|T |≤d+1, T⊆S ρT ≤ ρS .

Attainment (≥) and clause (i). Fix r < ρS . The compact convex sets {Ft(r)}t∈S have empty intersection
in C. By Helly’s theorem in Rd [Helly, 1923], some T ⊆ S with |T | ≤ d+1 already has

⋂
t∈T Ft(r) ∩ C = ∅,

that is ρT > r. Applying this at every r < ρS yields

ρS = max
T⊆S, |T |≤d+1

ρT .

Tightness. Place d+1 vertices v0, . . . , vd of a regular d-simplex on the unit sphere in Rd, take any compact
convex chart containing the unit ball, and set Ft = C ∩{c : ∥c−vt∥22 ≤ R2

0} with
√

1− 1/d2 < R0 < 1. Every
d-subset has non-empty intersection (the face circumcenter is within distance R0 of each face vertex), but no
point is within distance R0 < 1 of all d+1 vertices. Pairwise insufficiency is the d=2 instance, embedded into
higher dimensions by product with a compact ball.

D.4 Proof of Theorem 2.4, parts (ii)–(iv)
Write c⋆ for a minimizer of ρ(T ;U, ℓ), so c⋆ = ℓ+ sℓz

⋆ with z⋆ ∈ ∆U , and let w⋆ =
∑

i∈U z⋆i ai.
Task core. Write kC = dimaff RC(U, ℓ). Each sublevel set {c ∈ C(U, ℓ) : qt(c) ≤ r} is the preimage

under c 7→ Rc of a convex set inside the kC -dimensional affine image. Applying Helly in that image (part (i)
with ambient dimension kC) gives A⋆ ⊆ T , |A⋆| ≤ kC+1, with ρ(A⋆;U, ℓ) = ρ(T ;U, ℓ). The same argument
bounds any inclusion-minimal such set, justifying the greedy extraction of Algorithm 1.

Adapter core. The hull conv{ai : i ∈ U} lies in an affine space of dimension kU , so Carathéodory
writes w⋆ =

∑
i∈V ⋆ z′iai with |V ⋆| ≤ kU+1. Put c′ = ℓ + sℓ

∑
i∈V ⋆ z′ivi ∈ Cℓ(V

⋆). Then Rc′ = Rc⋆, so
qt(c

′) = qt(c
⋆) for every t; hence c′ is also a minimizer with residual support in V ⋆. Since Cℓ(V

⋆) ⊆ C(U, ℓ),
ρ(T ;V ⋆, ℓ) ≥ ρ(T ;U, ℓ), and c′ attains equality.

Discrete saddle. Write βℓ(A, V ) = ρ(A;V, ℓ) and ρ = ρ(T ;U, ℓ). Task monotonicity and adapter
antitonicity, together with ρ(A⋆;U, ℓ) = ρ = ρ(T ;V ⋆, ℓ), give

βℓ(A, V ⋆) ≤ ρ(T ;V ⋆, ℓ) = ρ = ρ(A⋆;U, ℓ) ≤ βℓ(A
⋆, V ),

and ρ ≤ ρ(A⋆;V ⋆, ℓ) ≤ ρ(T ;V ⋆, ℓ) = ρ forces βℓ(A
⋆, V ⋆) = ρ. Restricting each extremum to order at most

kU+1 leaves it unchanged, since the cores already attain it.
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D.5 Two-sided tightness
Theorem D.1 (Simultaneous two-sided tightness). Fix r ≥ 1 and let v0, . . . , vr be the vertices of a regular
r-simplex in Rr with unit circumradius and circumcenter at the origin. Take these points as the task centers
and as the latent images of the adapter atoms: C = ∆[m] with m = n = r+1, R sends ei to vi (an affine
bijection onto conv{v0, . . . , vr}, so k[m] = r), and qt(c) = ∥Rc− vt∥2. Then with T = [n], U = [m], ℓ = 0: (i)
the unique minimizer is the barycenter, with ρ([n]; [m], 0) = 1; (ii) ρ([n] \ {j}; [m], 0) = 1− 1/r2 < 1 for every
j; (iii) ρ([n]; [m] \ {j}, 0) ≥ 1 + 2/r > 1 for every j. Hence the task core and the adapter core each require all
r+1 indices.

Proof. Unit vectors summing to zero satisfy ⟨vi, vj⟩ = −1/r for i ≠ j. (i) For x = Rc, averaging the centers
gives maxt ∥x−vt∥2 ≥ 1

r+1

∑
t ∥x−vt∥2 = ∥x∥2+1 ≥ 1, with equality forcing x = 0; the coefficient barycenter

attains it. (ii) The r centers {vi : i ̸= j} have barycenter −vj/r, the latent image of a chart point. At
x = −vj/r every ∥x − vi∥2 = 1/r2 − 2/r2 + 1 = 1 − 1/r2; the averaging bound over {vi : i ̸= j}, using∑

i̸=j vi = −vj , shows no chart point does better. (iii) Every x in the face conv{vi : i ≠ j} has ⟨x, vj⟩ = −1/r,
so ∥x−vj∥2 = ∥x∥2+2/r+1 ≥ 1+2/r; since task j stays in the protected set, the score on the face is at least
1 + 2/r. No convex hull of only r latent atoms contains the circumcenter, whose barycentric representation
uses all r+1 vertices.

D.6 Proof of Theorem C.2
Work in the intrinsic coordinate z, where c = c0 + Qz. Substituting into the anchored model gives
q̂t(c0 +Qz) = κt + g⊤t z +

1
2z

⊤Ĥtz with Ĥt = Q⊤HtQ ⪰ 0, a convex quadratic on the compact convex set
K = {z : c0 +Qz ∈ C} with non-empty interior.

Constant directions. For a unit u, constancy of q̂t along u forces u⊤Ĥtu = 0, hence Ĥtu = 0 since Ĥt ⪰ 0,
and then g⊤t u = 0; conversely these two conditions make q̂t invariant under translation by u. The constant
directions of task t are exactly ker Ĥt ∩ ker g⊤t , and by the interior hypothesis this local characterization is
global.

Kernel of MC . u⊤MCu =
∑

t(∥Ĥtu∥2 + (g⊤t u)
2), so u ∈ kerMC iff u is a common constant direction of

the whole family. Hence each q̂t depends on z only through the projection onto (kerMC)
⊥, and q̃t(Πexactz) :=

q̂t(c0 +Qz) is well defined and convex.
Minimality. If every model factors through a linear map Π of rank r′, every u ∈ kerΠ is a common

constant direction, so kerΠ ⊆ kerMC and r′ ≥ rexact(C).
Finite core. Writing Πexact = WW⊤, Theorem C.1 applies to K with the map z 7→ W⊤z and zero slack,

and the composite RC = W⊤Q⊤ realizes the shared linear map of Theorem 2.4, with kU ≤ rexact(C) for
every U .

D.7 Proof of Theorem C.1
Let F̃t(τ) = {c̃ : q̃t(c̃) ≤ τ} and K = Π(C), compact convex in Rr. For every τ and S: some c̃ ∈ K ∩

⋂
t F̃t(τ)

lifts to c ∈ C with qt(c) = q̃t(c̃) ≤ τ for all t ∈ S, and conversely any feasible c projects to a feasible c̃; so
the two intersections are empty together. By Helly’s theorem in Rr, if the full intersection is empty then
some T with |T | ≤ r+1 has empty intersection, that is ρT (C) > τ . Applying this at every τ < ρS(C) yields
the equality. For tightness, place r-simplex vertices in Rr, set q̃t(c̃) = ∥c̃− vt∥2, and lift cylindrically to Rd;
between the thresholds at which every r-subset and the full (r+1)-subset become compatible, the bound
binds.

D.8 Pairwise insufficiency
Proposition D.2 (Compact ellipsoidal triple obstruction). In d = 2 there is a compact convex chart C
and three centered quadratic sublevel sets Fi = C ∩ {c : ∥c− vi∥22 ≤ R2

0} such that every pair intersects but
F1 ∩ F2 ∩ F3 = ∅.

Proof. Place v1, v2, v3 at the vertices of an equilateral triangle of side length 2 with circumcenter at the
origin, take C = [−2, 2]2, and pick R0 with 1 < R0 < 2/

√
3. Each pairwise center distance is 2 < 2R0 and
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the pairwise lens lies inside C, but the smallest enclosing disk of the three centers has radius 2/
√
3 > R0, so

the triple intersection is empty. At R0 = 1.1 the triple score is 4/3, with primal witness at the circumcenter
and dual λ∗ = ( 13 ,

1
3 ,

1
3 ), so pairwise screening accepts the triple while the minimax score rejects it.

Proof of Theorem 2.5. Proposition D.2 gives a library L1 with a complete pair graph and an empty
triple. Take L2 to be three identical balls at the same vertices with radius R′

0 > 2/
√
3, so the triple intersects

and the pair graph is still complete. The two libraries are pairwise-graph-indistinguishable yet disagree on
the triple decision, so any rule that depends on the library only through the thresholded pairwise graph is
non-exact on this pair.

D.9 Proof of Theorem C.3
The models determine every sublevel set, score, optimizer, core, and dual certificate by definition, and the
sublevel-set family recovers qt(c) = inf{r : c ∈ Ft(r)}. Let the merge map be gauge invariant, so ∆(c) is a
function of the represented updates alone. A LoRA gauge transformation leaves each represented update
fixed, hence leaves ∆(c) and the tangent action Jt∆(c) unchanged, so every task model and every answer is
preserved, while a non-gauge-invariant rule can move. The hypothesis is needed: for a factor-space operator
the merged update carries cross terms BiAj , and the gauge (Bi, Ai) 7→ (BiRi, R

−1
i Ai) moves BiRiR

−1
j Aj

while fixing every ∆Wi, so the argument does not apply. Finally, holding ambient updates fixed and varying
the task metric moves the ellipsoids in coefficient space without changing raw adapter cosine, which rules out
any universally exact rule built only on raw parameter geometry.
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